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A MODEL OF OPTIMAL AGGREGATION OF ACTIONS IN
MANUFACTURING PROCESSES
Vasile CRĂCIUNEAN1
ABSTRACT: The key to mastering the complexity of large complex production processes is hierarchical
modularization, i.e. group actions in cohesive blocks with minimal interaction. Everyone agrees that a production
process must be decomposed into hierarchical blocks to be driven and optimized. A very important issue in the
organization of production processes is how to aggregate the actions into blocks, which are the blocks that must result
and what relationship should exist between these blocks. This is actually the aggregation and the disaggregation
problem in complex production processes. This paper proposes a model for determining the optimal architecture of
action blocks in designing complex production processes. The model is built by incrementing step by step the actions
in a hierarchy of blocks beginning with elementary actions and reaching the complex action which is the production
process.
KEY WORDS: action of aggregation, aggregation system of actions, aggregation network of actions, aggregation
block of actions.

1

INTRODUCTION

In this paper we consider that the atomic unit
of a production process is the action.
Actions and the resources on which the actions
are produced are distributed for concurrent
execution in a virtual network of companies
working together. Actions are very inhomogeneous
beginning with actions of design, procurement,
logistics, manufacturing, quality control etc. There
will be software actions that will store and
dynamically process all data on the evolution of the
production process.
Each component embeds in it a certain degree
of intelligence. It will know how to check if it has
provided the necessary context for starting, for
example it will know to check if it has the necessary
resources for the smooth conduct. If this conditions
are not satisfied it will wait until these conditions
are met. The wait will last until it gets a message
about updating the input resources and then it will
restart the process with context verification. The
action will know how to decrement stock, for
example, with consumed resources and increment
the stock with the resource created by it and also
sending the corresponding event. An action of
aggregation also does a very important thing that is
real-time update of developments related to various
data such as start time, the actual length, waiting
time, costs, etc.
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The fundamental principle with which we start
our aggregate the actions into blocks model is
maximum cohesion within each block and
minimum coupling between the blocks. For
maximum cohesion we will group several actions in
a block if this block produces a single resource that
is used outside of the block and all actions from this
block directly or indirectly contribute to the
achievement of this resource.
Starting from a hierarchy of elementary actions
corresponding to the production process that we
want to build, after a first assembly of these actions
we get the initial network of aggregation. The
actions of this aggregation network will be the
starting blocks.
We consider that only a final product will be
produced and therefore there will be an initial node
represented by the action that has as output the final
product.

2

PRELIMINARY NOTIONS AND
NOTATIONS

Let X be a set. The family of subsets of X is
denoted by Ƥ(X). The cardinality of X is denoted by
|X|. The set of natural numbers, {0, 1, 2, ... .} is
denoted by N. The empty set is denoted by Ø. An
alphabet is a finite nonempty set of abstract
symbols. For an alphabet V we denote by V* the set
of all strings of symbols in V. A language over the
V alphabet is a subset L of V*.
We begin by defining the notion of action of
aggregation that is underlying our model.
An action of aggregation (Crăciunean
V.(2014)) a is a construct of the form:
a = (I,O,M)
(1)
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where
I={(ri,ci,ei) | i=1,2,...m ; ri is a resource, ci is the
quantity of that resource, ei is an event};
The resource ri is called an input resource and
represents the necessary resource in the ci quantity
for the action a, and ei is called an input event.
O={(ro,co,eo) | ro is a resource or a final
product, co is the quantity of the resource, eo is an
event};
If ro is the resource then it’s called the output
resource and co is the quantity of that resource, else
ro is the final output product. The event eo is the
output event.
M is a set of data and associated metadata such
as duration of action, the minimum allowed stock,
costs, technical data about the action, software
components, etc.
We consider the set A of actions of aggregation
involved in a production process, then we define the
precedence actions by two functions, namely: a
bottom-up function of precedence f: A → Ƥ(A),
defined as follows:
f(a) = {bA | Oa ϵ Ib}, () aA
(2)
and a top-down function of precedence g: A →
Ƥ(A), defined as follows:
g(b) = {aA | Oa ϵ Ib}, () bA. (3)
The symbols from the A set, represent real
elementary actions and therefore the semantic load
of the elements of the vocabulary is well defined.
An aggregation system of actions(Crăciunean
V.(2014)) is a construct of the form
S = (A, f, g, {LX | XƤ(A)})
(4)
where
A is a finite set of actions called action of
aggregation;
f is a function f: A → Ƥ(A) named bottom-up
function of precedence;
g is a function g: A → Ƥ(A) named top-down
function of precedence;
LX is a language over A, () XƤ(A). It is obvious
that LX can be an empty language for some
XƤ(A).
Based on the function f we define the
application of aggregation φ as follows:
An application of aggregation (Crăciunean V.
(2014)) is an application φ: Ƥ(A) → Ƥ(A) defined
as follows:

𝜑(𝑋) = ⋃ 𝑓(𝑥) ()XƤ(A).

(5)

𝑥∈𝑋

In this conditions φn(X) can be defined as:
φ0(X) = X () XƤ(A);
φn(X) = φ(φn-1(X)).
Similarly, we define the application of
disaggregation ψ:
An application of disaggregation(Crăciunean
V.(2014)) is an application ψ: Ƥ(A) → Ƥ(A)
defined as follows:
ψ(𝑋) = ⋃ 𝑔(𝑥) ()XƤ(A).

(6)

𝑥∈𝑋

Similarly, ψ n(X) can be defined as:
ψ 0(X) = X () XƤ(A);
ψ n(X) = ψ (ψ n-1(X)).
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(7)

AGGREGATION NETWORK OF
ACTIONS

We now consider an aggregation system of
actions:
S = (A, f, g, {LX | XƤ(A)})
(8)
as defined above, together with this applications:
φ: Ƥ(A) → Ƥ(A)
ψ: Ƥ(A) → Ƥ(A)
(9)
defined as above.
Based on the application of aggregation φ:
Ƥ(A) → Ƥ(A) we will use the following notations:
φ
̂ k(X)=⋃k𝑖=0 φi (X);
i
φ
̂ (X)= ⋃∞
(10)
𝑖=0 φ (X).
Also, we will use similar notations for the
application of disaggregation: ψ: Ƥ(A) → Ƥ(A)
̂ k(X)=⋃k𝑖=0 ψi (X)
ψ
i
̂ (X)= ⋃∞
ψ
(11)
𝑖=0 ψ (X)
We consider that a unique final product is
manufactured and therefore there will be an initial
action that has as output the final product. Suppose
we want to manufacture a determined product p, of
course we are talking about a product that can be
made only with actions from A. Then there will be
an action aA, a=(I,O,M) such that {p}=O. Under
these conditions we can define an aggregation
network of actions as follows:
Definition 3.1. An aggregation network of
actions is a construct R=(X,φ,ψ)
where:
̂ ({a});
X=ψ
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φ and ψ are the restrictions of the applications φ and
̂ ({a}) of A.
ψ defined above at the subset X=ψ
The fundamental principle on which we go in
partitioning the actions is maximum cohesion
within each block and minimum coupling between
the blocks.
For maximum cohesion we will group several
actions in a block if:
i)The block produces a single resource that is used
outside of it,
ii)All actions in the block directly or indirectly
contribute to the realization of resource i)
iii)The only resource that uses a resource from the
block and at the same time is used by another
resource from the block is the resource from i).
Now we can define an aggregation block of
actions in the following way:
Definition 3.2. Let R=(X,φ,ψ) be an
aggregation network of actions. Then an
aggregation block of actions with the head h is an
aggregation network of actions Ɓ=(B,φ,ψ) where
BX has the following properties:
i)
hB;
̂ ({h});
ii)
If xBxψ
̂ ({x}) 
iii)
If xB\{h} and xψ
̂
hψ({x});
iv)
If x B\{h} then φ(x) B.
φ and ψ are the restrictions of the applications φ and
ψ on subset B of X.
Starting from a hierarchy of elementary actions
corresponding to the production process that we
want to build, after a first assembly of these actions
we get the initial network of aggregation. The
actions of this aggregation network will be the
starting blocks.
Example 3.1. For the aggregation network of
actions R=(X,φ,ψ) where:
X={a1, a2, a3, a4, a5, a6, a7, a8}
the application of disaggregation will be:
ψ({a1})={a2}; ψ({a2})={a3}; ψ({a3})={a4,a5};
ψ({a4})={a6}; ψ({a5})={a6}; ψ({a6})={a3,a7};
ψ({a7})={a2,a8};
and the application of aggregation will be:
φ({a2})={a1,a7}; φ({a3})={a2,a6}; φ({a4})={a3};
φ({a5})={a3}; φ({a6})={a4,a5}; φ({a7})={a6 };
φ({a8})={a7};
Therefore we have the blocks:
Ɓ(a1)={a1}; Ɓ(a2)={a2}; Ɓ(a3)={a3,a4,a5,a6,a7,a8};
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The following algorithm determines a family
of aggregation blocks of actions of an aggregation
network of actions.
Algorithm 3.1.
Input: The aggregation network of actions
R=(X,φ,ψ).
Output: The family of blocks Ɓj, j=1,p that
partitions the aggregation network of actions R.
Method: The algorithm is based on the conditions in
the definition of aggregation block of actions.
P1. APRB(R)
P2.
P3.
P4.

i1; j1; l1; Y
DO UNTIL(ψ (Y)=)
IF(j1) THEN
lmin{m|am ψ (Y) }
yixl

P5.
P6.
P7.
P8.
P9.

ELSE
yiai
ENDIF

P10

I j1

P11

k1P12

P12.

DO UNTIL (

P13.

Z={xψ (

{yi}; YY  { yi }

I jk 1



I jk

I jk 1 I jk


)

)| φ (x) 

I jk

};

I jk 
Z; YY  Z;

P14.
P15
P16.

kk+1
ENDDO

P17.

Bj

P18.
P19.
P20.
P21.

jj+1; ii+1
ENDDO
pj-1
END

I jk

Lemma 3.1. Let R=(X, φ, ψ) be an aggregation
network of actions. Then the algorithm 3.1.
determines a unique partitioning of the aggregation
network of actions in aggregation blocks of actions.
Demonstration. Let's see first that Ɓ1,Ɓ2,...,Ɓp
produced by the algorithm satisfies the conditions i)
- iv). Let Ɓ h be such an aggregation block of
actions.
Because
𝐼ℎ1 𝐼ℎ2  ... 𝐼ℎ𝑛  Bh=⋃𝑛𝑘=1 𝐼ℎ𝑘
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the first action included in Ih is either x1, either an
action yi selected in the steps 4,5 and 6. This will be
the head of the aggregation block of actions Ih.
̂ (h)) and
From the step P14)(xIhxψ
therefore condition (2) is true.
̂ ({x}) then
Let xB \{h} be an action and xψ
the following string of actions exists:
C=[x=x1,x2,…,xnx=xn+1] so that xi φ(xi+1) i= 1, n
and hC. Let xi0 be the first action from C included
in step P14) in the Ih block. Because xi0 has been
included  φ( xi0 )  I jk . But from the condition

xi0  C   xi j  φ( xi0 ) and xi j  I hk \{h}because
xi0 was the first action from the cycle that we have
included in step P14 in Ih  hψ
̂({x}) and
therefore condition (3). Also from step P14 an
action is included in I hk 1 with the condition that
φ(x) I hk . Therefore condition (iv) is true.
Let us note now that there are no two blocks of
aggregation which meet i) -iv) having different
heads and concurrent actions.
Indeed let h1 and h2 be the two heads and
̂ (h1) and xψ
̂ (h2) y1,y2 so
x𝐵ℎ1 ∩𝐵ℎ2  xψ
that y2𝐵ℎ2 şi y1𝐵ℎ2 so that y1φ(y2)  φ (y2)
𝐵ℎ2 is in contradiction with the condition 4). Let
Bh be an aggregation block produced by the above
algorithm Bh’ an aggregation block with the same
initial action h. From the above it follows that Bh
Bh’. Let us show that Bh’=Bh and we demonstrate
the equivalence of the algorithm with the definition.
Suppose that IhIh’   x Ih’\Ih   an action x
so that φ (x) Ih’ because the number actions is
finite and φ(x)Ih. Because Ih’ is produced by the
'
'
'
alorithm   n so that I h  I hn  I hn1 . But

I jk 1  I jk  {xψ ( I jk )| φ (x)  I jk };
contradiction  Bh=Bh’. The condition of
maximality arises from the fact that Bh=⋃𝑛𝑘=1 𝐼ℎ𝑘
i.e. Bh is the union of all blocks of aggregation
meeting the conditions i) -iv).
Let us prove now that (B1,...,Bp) forms a
partition for X.
𝑝

Suppose there xX so that x⋃𝑘=1 𝐵𝑘 
ψ(Y) in step P3 the algorithm is not finished.
Therefore Bh=⋃𝑛𝑘=1 𝐼ℎ𝑘 .
Let us proof that Bj  Bk=.
It is enough to show that there are no two
distinct aggregation blocks with the same head h.

We assume by contradiction that Bh and Bh’, so
that Bh\Bh’≠Ih’Ih  Ih’. Because Bh  Bh’
satisfies the conditions i)-iv)  Bh’ is not the
maximum with the properties i)-iv), contradiction!.
So Bh= Bh’.
From the proof of the theorem results, in
addition, that the partitioning of an aggregation
network into blocks of aggregation is unique.
Definition 3.3. Let R=(X,φ,ψ) be an
aggregation network of actions and the partion of
blocks of actions determined by the algorithm 3.1. It
is called a derived aggregation network of actions of
the aggregation network of actions R, an
aggregation network of actions F(R) defined as
follows:
F(R)=(F1(X),F2(φ),F3(ψ)) where
F1(X) contains one action for each aggregation
block of R determined according to algorithm 3.1.
F1(X)={B(hi)| hi i=1,p are all the aggregation
block heads determined by the algorithm 3.1.}.
Therefore each block B(hi) is the aggregation block
with hi head.
The action B(hi) = (Ii,Oi,Mi) where
𝐼𝑖 = (⋃𝑎∈B(hᵢ) 𝐼𝑎 )  (⋃𝑎∈B(hᵢ)\{hᵢ} 𝑂𝑎 ) ,
Oi =𝑂ℎ𝑖 and Mi are the data and the metadata of the
block of actions obtained through union of data and
metadata of the included actions.
F2(φ) is an application of aggregation Φ
defined as follows:
Φ : Ƥ(F1(X)) → Ƥ(F1(X))
Φ({𝐵ℎ𝑗 })={𝐵ℎ𝑖 | hi φ(𝐵ℎ𝑗 )};
and
Φ({𝐵ℎ1 , 𝐵ℎ2 , … , 𝐵ℎ𝑘 })= ⋃𝑘𝑗=1 Φ({𝐵ℎ𝑗 })
F3(ψ) is an application of disaggregation Ψ
defined as follows:
Ψ : Ƥ(F1(X)) → Ƥ(F1(X))
Ψ ({𝐵ℎ𝑗 })={𝐵ℎ𝑖 | hi ψ (𝐵ℎ𝑗 )};
and
Ψ ({𝐵ℎ1 , 𝐵ℎ2 , … , 𝐵ℎ𝑘 }) = ⋃𝑘𝑗=1 Ψ({𝐵ℎ𝑗 })
The aggregation network of actions F(R) has
one action for each aggregation block of actions.
The beginning action of F(R) is the action
corresponding to the aggregation block of actions
that contains the start action of R.
The aggregation block J belongs to ψ(I) if and
only if IJ and an action a exists from I so that the
head of J is in the set ψ(I).
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The derived aggregation network of actions of
F(R) is F(F(R))=F2(R). Since the number of actions
from R is finite   n so that Fn(R)=Fn+1(R).
Definition 3.4. It's called a limit of the
aggregation network of actions R, the derived
aggregation network Fn(R) with the property that
Fn(R)=Fn+1(R). We denote this limit by Rn. From the
uniqueness of partitioning the aggregation network
in aggregation blocks it follows that R exists and is
unique.
Definition 3.5. Let R=(X,φ,ψ) be an
aggregation network of actions, then if Rn has a
single action we say that the aggregation network of
actions R is reducible, and if not it is irreducible.
Example 3.2. For the aggregation network of
actions R=(X,φ,ψ) from the example 3.1. we have:
Level 1.
F(R)=(F1(X),F2(φ),F3(ψ)) where :
X1= F1(X)={ Ɓ(a1), Ɓ(a2), Ɓ(a3)}
Ɓ(a1)={a1};Ɓ(a2)={a2};Ɓ(a3)={a3,a4,a5,a6,a7,a8}
Φ1= F2(φ)
Φ1({Ɓ(a1)})={ Ɓ(a2)}
Φ1({Ɓ(a2)})={ Ɓ(a3)}
Φ1({Ɓ(a3)})={ Ɓ(a2)}
Ψ1= F3(ψ)
Ψ 1({Ɓ(a2)})={ Ɓ(a1), Ɓ(a3)}
Ψ 1({Ɓ(a3)})={ Ɓ(a2)}
Level 2.
F2(R)=(𝐹12 (X), 𝐹22 (φ), 𝐹32 (ψ)) where:
𝐹12 (X)={Ɓ2(a1), Ɓ2(a2)}
Ɓ2(a1)={ {Ɓ(a1)}}
Ɓ2(a2)={ Ɓ(a2), Ɓ(a3)}
Φ2= 𝐹22 (φ)
Φ2({Ɓ2(a1)})= Ɓ2(a2)
Ψ2=𝐹32 (ψ)
Ψ 2({Ɓ2(a2)})= Ɓ2(a1)
and finally:
Level 3.
F3(R)=(𝐹13 (X), 𝐹23 (φ), 𝐹33 (ψ)) is reduced to a
single action:
𝐹13 (X)={ Ɓ2(a1)}
And therefore the aggregation network of
action is reducible.
Example 3.3. We consider the aggregation
network of actions R=(X,φ,ψ), where we have:
X={a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, a11, a12,
a13} and
34

ψ ({a1})={ a2}; ψ({a2})={ a3,a4}; ψ({a3})={a5};
ψ({a4})={ a5,a11}; ψ({a5})={a6};
ψ({a6})={a7,a8,a9}; ψ({a7})={a10}; ψ({a8})={a10};
ψ({a9})={a10}; ψ({a10})={a11}; ψ({a11})={a12};
ψ({a12})={ a11,a13}; ψ({a13})={a6};
and
φ({a2})={a1}; φ({a3})={a2 }; φ({a4})={ a2 };
φ({a5})={ a3,a4}; φ({a6})={ a5,a13};
φ({a7})={ a6}; φ({a8})={ a6}; φ ({a9})={a6 }; φ
({a10})={ a7,a8,a9}; φ ({a11})={a4,a10,a12};
φ({a12})={a11}; φ ({a13})={a12};
In this case we have the blocks:
Ɓ(a1)={a1,a2,a3,a4,a5}; Ɓ(a6)={a6,a7,a8,a9,a10};
Ɓ(a11)={a11,a12,a13};
Level 1.
F(R)=(F1(X),F2(φ),F3(ψ)) where :
X1= F1(X)={ Ɓ(a1), Ɓ(a6), Ɓ(a11) }
Φ1= F2(φ)
Φ1({Ɓ(a1)})={ Ɓ(a6), Ɓ(a11)}
Φ1({Ɓ(a6)})={ Ɓ(a11) }
Φ1({Ɓ(a11)})={ Ɓ(a6)}
Ψ1= F3(ψ)
Ψ 1({Ɓ(a6)})={ Ɓ(a1), Ɓ(a11)}
Ψ 1({Ɓ(a11)})={ Ɓ(a1), Ɓ(a6)}
We get 3 blocks at level 1 that cannot
aggregate as defined in 3.2. So the aggregation
network is irreducible. Of course the three blocks
can be aggregated into a single block of aggregation
of actions taken without the restrictions of
definition 3.2.
It therefore starts from the initial aggregation
network R which has the original elementary
actions of X. We call them blocks of aggregation of
level 0. The algorithm 3.1. is applied and we get the
aggregation network F(R) with the aggregation
blocks of level 1. In general, the aggregation blocks
of the aggregation network Fn(R) are called
aggregation blocks of level n.

4

CONCLUSION

The model provides real support for the
leadership, management and optimization of
complex production processes.
Aggregation and distribution of actions in this
model enables accurate calculation of costs, time
and many other parameters that depend on the
development of basic actions.
Another feature of the model is that it reflects a
true and fair view of the complexity of the
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production systems. We introduce measures of
production systems as dependent functions
proportional to the number of actions, the number
of levels, input flows in each aggregation block, etc.
We can therefore compare the production processes
to each other.
Let's see what happens with the actions
dependence. Generally if an action is not dependent
on any other action is said to be independent. An
action is responsible if other actions depend on it.
Any incident in such an action may cause a chain of
incidents in actions dependent on it. Generally in a
manufacturing process there is no completely
independent actions or actions totally free of
responsibility.
The dependence of an action a to an
aggregation block B is determined from the number
of actions from block B on which the action a relies.
It seems clear that our division into blocks of
aggregation is optimal since any action a from the
outside of block B depends on one action from
block B and this is the head of the aggregation
block h. At first glance the responsibility seems
uncontrolled, a closer analysis also shows us that
one action of each block is responsible for other
actions outside the block and it is also the head of
the aggregation block. All actions except the head
of a block are only responsible for actions from the
block.
An essential gain of partitioning into blocks is
the control of critical actions of the process. This is
a very important issue especially in Just in Time
production where the stock is very important. At the
base of the Just in Time method stays the principle
of minimizing or eliminating stockpiles of raw
materials, components, parts and work in progress
and thus reduce the overall costs of these stocks,
regardless of production volume. Our model
provides necessary information about resources that
is required to have stock in order not to create
downtime in the production chain. This will be the
subject of other future papers.
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